Studying particle motion in the gravitational field of a black hole from the perspective of different observers is important for separating the coordinate artifacts from the physical phenomena. In this paper, we show that a freely falling test particle exhibits gravitational repulsion by a black hole as seen by an asymptotic observer, whereas nothing of the kind happens as recorded by a freely falling observer or by an observer located at a finite distance from the event horizon. This analysis is carried out for a general Reissner-Nordström, an extremal Reissner-Nordström, and a Schwarzschild black hole. We are lead to conclude that the origin of these bizarre results lies in the fact that the quantities measured by the different observers are neither Lorentz scalars nor gauge invariant.
Introduction
The particle trajectories in the gravitational field of a black hole illustrate some essential features of the black hole spacetime. There is an exhaustive literature on this subject, see [1] for an early example. Yet, it is still an active area of research, for example, recently the circular orbits of neutral [2] and charged particles [3] was investigated in the Reissner-Nordström field.
Here, we investigate the radial motion of a freely falling particle in the gravitational field of a ReissnerNordström black hole from the standpoint of three different observers. The far-away observer is an asymptotic observer who resides in a Minkwoski spacetime far away from any gravitational source. The finite-distance observer is at a finite distance from the black hole and hence lives in a locally flat spacetime. Perhaps, the latter is the most neglected among the three observers. The freely-falling observer is at rest in the local frame throughout the course of motion, even when passing through the horizon, as long as the tidal forces do not kick in [4] . This observer has a finite spacetime span because of a temporary gravitational shielding.
By "repulsion" we mean the deceleration of a freely-falling massive particle in the gravitational field of a black hole. This was first noticed by David Hilbert [5] , hence the name "Hilbert repulsion". For a more pedagogical introduction on this topic, we refer the reader to [6] , and, for an historical view, to [7] .
Falling into a Reissner-Nordström black hole
The Reissner-Nordström metric in the Schwarzschild coordinates 1 is given by
where M is the mass and Q is the electric charge of the black hole, and the constants G, c and 0 have their usual meanings. The horizons are located at r± = µ ± µ 2 − q 2 , where the external r+ is an event horizon and the internal r− is a Cauchy horizon. Here we are only concerned with the event horizon. For simplicity and without loss of generality, we consider the radial motion of a massive particle in the equatorial plane of a Reissner-Nordström black hole. Then the timelike geodesic motion of a test particle starting from rest at infinity obeys the following,
Here the minus-or-plus sign in the second equation stands for infalling or outgoing test particles respectively. So now we can find the velocity of the freely falling particle as measured by all the observers. The far-away observer would measure the velocity to be 
After restoring the constants, this is equal to c on the horizon. This means that the finite-distance observer sees that the velocity of the test particle approaches the velocity of light as it nears the horizon, which is quite opposite to that of a far-away observer's measurement. But, it is consoling to find out that the speed of light is still the ultimate speed in General Relativity. Of course, the freely-falling observer is at rest in the float-frame throughout the course of motion, even when passing through the horizon, as long as the tidal forces do not kick in [4] .
The radial geodesic equations of motion of a test particle in a Reissner-Nordström field are given by,
Upon substituting Eq. (2) and Eq. (3) in Eq. (6), we obtain
Before proceeding further, we would like to point out that, according to the above equation, the motion of a neutral particle is affected by the charge of the black hole, eventually producing a repulsive force for sufficiently small values of r. This was noticed earlier in [8] .
For a freely falling test particle whose proper time is τ , the following relation holds,
Further, we have 
From this, we can see that the acceleration of the freely falling particle is positive if
In the case of a test particle starting from rest at infinity and observed by an asymptotic observer, Eq.(11) can be simplified by substituting Eq.(4) to give the following
Similarly, the acceleration of a freely falling test particle as observed by a finite-distance observer is given by
These results are summarized in TABLE I. 5µ): the graph shows the variation of the velocity of a freely falling particle as seen by two different observers. Notice that a freely-falling particle crosses the outer horizon (r + = 1.9µ) with the speed of light as seen by a finite-distance observer, whereas it stops at this horizon for the far-away observer.
General Case
The velocity and acceleration of a particle freely falling into a generic Reissner-Nordström black hole as recorded by a far-away observer (fao) are given by
The only value of r for which a f ao switches sign outside the horizon is the greatest zero of the third term in the rhs of the above equation: r * = 3µ + 9µ 2 − 3q 2 .
(16) Figure 2 : Peculiar generic Reissner-Nordström case (q = 0.5µ): the graph shows the variation of the acceleration of a freely falling particle as seen by two different observers. Notice that the acceleration of a freely-falling particle switches sign at 5.9µ as seen by the far-away observer, and is zero at the outer horizon (r + = 1.9µ) for both observers.
The maximum velocity reached at this location is
below which the particle is seen by the far-away observer as decelerating up to the horizon where it stops. Moreover, we have 3µ ≤ r * < 6µ, which is a closer distance than in the Schwarschild case. This means that the presence of a charge is diminishing the effect of the mass of the black hole, which is counterintuitive.
As regards the finite-distance observer (fdo), she records the following:
seeing the particle accelerating all the way to the horizon which it reaches with the speed of light. Notice also that the acceleration of the free-falling particle vanishes at the outer horizon for both observers.
The variations of the velocity and acceleration of a freely falling particle as seen by each observer are shown in FIG.1 and FIG.2 respectively, for a given generic Reissner-Nordström black hole (q = 0.5µ).
Extremal Case (q = µ)
Figure 3: Extremal Reissner-Nordström case (q = µ): the velocities as measured by a far-away and a finitedistance observer. Notice that a freely-falling particle crosses the outer horizon (r + = µ) (almost) with the speed of light as seen by the finite-distance observer, whereas it is zero for the far-away observer.
The velocity and acceleration of a particle freely falling into an extremal Reissner-Nordström black Figure 4 : Extremal Reissner-Nordström case (q = µ): according to a far-away observer, the acceleration ofby the finite-distance observer, whereas it stops there for the far-away observer. The acceleration of a freely-falling particle, according to a far-away observer, switches sign at 5.4µ which is still a slightly closer distance than in the Schwarzschild (6µ) case. The acceleration at the outer horizon (r+ = µ) is zero for both observers.
Schwarzschild Case
Figure 5: Schwarzschild case (q = 0): the velocities as measured by a far-away and a finite-distance observer. Notice that the velocity of the particle for a far-away observer is zero at the horizon, whereas for a finitedistance observer the freely-falling particle crosses the horizon with almost the speed of light. Figure 6 : Schwarzschild case (q = 0): the acceleration of a freely-falling particle switches sign ("repulsion") at r = 6µ as measured by a far-away observer, whereas for a finite-distance observer, the acceleration is always negative (attractive). However, the acceleration of the freely-falling particle is zero at the horizon (r = 2µ) for both observers.
whereas, a finite-distance observer (fdo) records the following:
The variations of the velocity and acceleration of a freely falling particle as seen by both observers are shown in FIG.5 and FIG.6 respectively. The acceleration due to the gravitational field of the black hole is zero at three places, r = ∞, 2µ (on the horizon) and 6µ. The first two are clear, but it is interesting to see what happens at r = 6µ. Acceleration switches sign at that point, and the particle's velocity is maximum and equal to −2c/3 √ 3. In summary, as seen by the far-away observer, the freely falling particle accelerates from infinity until it reaches r = 6µ, where its acceleration vanishes. From then on, the particle decelerates as it approaches the event horizon. This deceleration in the region 2µ < r < 6µ is what we call "repulsion" by the gravitational field of a black hole. This is in agreement with the original result of Hilbert [5] which was also reproduced much later on by McGruder [9] .
Conclusion
Studying the motion of a test particle in the gravitational field of a black hole from the perspective of different observers helps us to distinguish between the artifacts of a particular coordinate system and the real physical effect. We have shown that only a far-away observer sees repulsive gravity i.e., the freelyfalling test particle stopping accelerating at a finite distance and starting decelerating to eventually stop at the event horizon. In fact, the far-away observer notices that nothing crosses the event horizon both ways, which makes it a barrier rather than a one-way membrane. But no such thing is observed by anyone at a finite distance or in free-fall. How finite that distance can be depends on the sensitivity of the observer's instruments [4] . In summary, an observer at a finite distance sees particles crossing the event horizon and falling into a black hole. In an astrophysical situation, this finite-distance observer can be a space-probe or a satellite detector orbiting a black hole.
One may say that this strange behavior of the gravitational field of a black hole in GR is simply a coordinate effect. But, we know from general coordinate (diffeomorphism) invariance of GR that any observer is as good as any other. What one measures in one's reference frame is as physical as the effect measured in a different frame. But what is important is that all of them are governed by the same laws of physics, i.e., Einstein's field equations. The origin of these bizarre results lies in the fact that the quantities measured by different observers that we are comparing are neither Lorentz scalars nor gauge-invariant.
